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1. Introduction

In this paper we shall consider the problem of existence of solutions of a spe-
cial class of impulsive partial neutral functional integrodifferential evolution
inclusions with infinite delay in Banach spaces described in the form

Llx(t) — g(t,z0)] € A(t)z(t) + F(t xt,fo e(t,s,xs)ds),t € J =[0,b], t # tx,
A:c(tk) = Ik(:c(t )), k=12 m, 0<ty <ty <..<ty,<b.

T = ¢(t) € B,
(1)

where {A(t) : t € J} is the family linear operators defined in Banach space X
generating an evolution operator U (t, s). The history z; : (—o0,0] = X, z(0) =
x(t+ 0), belongs to some abstract phase space B defined axiomatically; ¢ : J X
B—X, F:JxBxX ->P(X),e:JxIJxB—-X,I;;: X > X k=1,2..m
are appropriate functions; where P(X) denotes the class of all nonempty subsets
of X,0 =1ty <ty <ty < .. <ty <tmi1 =0b, Ax(ty) =az(t{)—z(t;), z(t;) and
z(t; ) are respectively the right and left limits of z at ¢ = t;, and z(t]) = z(t;,).

The theory of impulsive partial differential equations has become an impor-
tant area of investigation in the past two decades because of their applications
to various problems arising in communications, control technology, impact me-
chanics, electrical engineering, medicine, and biology, see the monograph of
Laskshmikantham et al. [16] and the papers of Erbe et al. [9], Rogovchenko
[22], Liu [18] and the survey papers of Rogovchenko [23], Bainov [1] and the
references therein. Recently, the problems of the existence of solutions and
controllability of differential equations and differential inclusions have been ex-
tensively studied [3, 4, 5, 6, 7, 19] . Benchohra et al. [3, 4] considered the ex-
istence of solutions for functional and neutral functional inclusions. Benchohra
et al. [5] studied the existence of solutions for integrodifferential inclusions on
noncompact intervals. Benchohra et al. [6] discussed the existence of solutions
for impulsive multivalued semilinear neutral functional differential inclusions.
And Benchohra et al.[7] studied the controllability of semilinear neutral func-
tional differential equations. Liu [19] investigated the controllability of neutral
functional differential and integrodifferential inclusions with infinite delay with
the aid of a fixed-point theorem for condensing maps to Martelli. However, all
these studies are in connection with the ordinary differential systems. Several
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authors have studied the existence and controllability results for impulsive neu-
tral functional differential and integrodifferential equations with infinite delay
[2, 12, 20, 25]. In this paper, we will give the existence of mild solutions for
impulsive partial neutral functional integrodifferential inclusions with infinite
delay.

Motivated by the above mentioned works, our goal in this paper is to es-
tablish the existence results on mild solutions of system (1) by using another
nonlinear alternative of Leray-Schauder type for multivalued maps due to D.
O’Regan. The rest of this paper is organized as follows. In Section 2, we in-
troduce some notations and necessary preliminaries. In Section 3, we prove the
existence results of mild solutions of system (1). The last section is devoted to
an example illustrating the abstract theory.

2. Preliminaries

In this paper, X will be a seperable Banach space with norm ||.||. {A(t):t € J}
be a family of linear (not necessarily bounded) operators, A(t) : D(A) C
X — X D(A) not depending on t and dense subset of X and U : A =
{(t,s) : 0 < s <t<b} — L(X) be the evolution operator generated by the fam-
ily {A(t) : t € J}. There exists some constant M > 1 such that ||U(¢,s)| < M,
for every t € J. For literature relating to semigroup theory, we suggest [21].
We suppose that 0 € p(A(t)). For 0 < a < 1, it is possible to define the frac-
tion power (—A)*(t), as a closed linear operator on its domain D((—A)%(t)).
Furthermore, the subspace D((—A)*(t)) is dense in X, and the expression
lzll, = I(=A)*@®)|,z € D({(—A)*(t)), defines in a norm on D((—A)*(t)).
Hereafter, let 2, denote the Banach space D((—A)%(t)) endowed with the norm
|.ll,- For 0 < g < a < 1,24 — xg,and the imbedding is compact whenever
the resolvent operator of A(t) is Compact. Also for every 0 < 8 < a < 1, there
exists a positive constant C, such that

We define PC by the set

{(p 1 [0.] — X : ¢(.) is continuous at t # tx, () = ¢(t) and (t;)

exist for k =1, 2, ,m}
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The norm ||.||; of the space PC is defined by ||¢||; = supg<;<p, [|¢(s)]|. It is clear
that (PC, ||¢l|;) is a Banach space. o

In this paper, we will employ an axiomatic definition of the phase space B
which is similar to that used in [15] ,B will be linear space of functions mapping
(—00,0] to X endowed with a seminorm ||¢[/3. We will assume that B satisfies
the following axioms:

(A) If z : (—00,b] — X,b > 0, such that zg € B and ;o € PC, then for
every t € [0, b] the following conditions hold:

(i) ¢ is in B,
(ii) [lz(@)[] < Llals,
(iii) [|lz¢]ls < K (¢) sup{[lz(s)[| : 0 < s <t} + M(¢)[zoll,

where L > 0 is a constant; K, M : [0,00) — [0,00), K is continuous, M
is locally bounded and L, K, M are independent of z(-).

(B) For the function z() in (A),z; is a 8 valued function on [0, b].
(C) The space B is complete.

Definition 2.1. The operator U is called the evolution operator generated
by the family {A(t) : t € J}.

(1) U(s,s) =1,
(2) U(t,r)U(r,s) =U(t,s) forall0 < s <r <t <b.
(3) (t,s) — U(t,s) is strongly continuous on A and

oU (t, s)
ot

oU (t, s)
Js

= A(t)U(tv s),

= —U(t,s)A(s).

Let P(X) denote the class of all nonempty subsets of X. Let Pyg.c1(X), Pep,ev(X),
Phd.ct,co(X) and Peq(X) denote respectively the family of all nonempty bounded-
closed, compact-convex, bounded-closed-convex and compact-acyclic (see [10])
subsets of X. For z € X and Y,Z € Pyy(X), we define by D(z,Y) =
inf{[|lz —yl :y € Y},p(Y,Z) = sup,cy D(a, Z) and the Hausdorff metric H :
Prd,ci(X) X Poac(X) = R by H(A, B) = max {p(A, B), p(B, A)}.

F is called upper semicontinuous (shortly u.s.c) on X, if for each x, € X,
the set F'(x,) is nonempty, closed subset of X, and if for each open set of V
of X containing F'(z,), there exists an open neighborhood N of z, such that
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F(N) C X. Fissaid to be completely continuous if F'(V') is relatively compact,
for every bounded subset V' C X.

If the multivalued map F' is completely continuous with nonempty compact
values, then F'is u.s.c. if and only if F' has a closed graph, (i.e. z, — T4, yn —
Yi, Yn € F(zy)) imply ys € F ().

A point zyp € X is called a fixed point of the multivalued map F' if zy €
F(CC(])

A multivalued map F' : J — Ppg c1c0(X) is said to be measurable if for each
x € X, the function ¢ — D(z, F(t)) is a measurable function on J. For more
details on the multivalued maps, see the books of Deimling [8].

Definition 2.2. Let ' : X — Pyq(X) be multivalued map. Then F is
called a multivalued contraction if there exists a constant k € (0,1) such that
for each =,y € X we have

H(F(z), F(y)) < kllz -yl

The constant £ is called a contraction constant of F'.

The consideration of this paper is based on the another nonlinear alternative
of Leray-Schauder type for multivalued maps due to D,0’Regan [24].

Theorem 2.1. Let X be a Banach space with T" an open, convex subset
of X and ug € T. Suppose

(a) F:T — Pq(X) has closed graph, and

(b) F:T — P.q(X) is a condensing map with F(T) a subset of bounded set
in X hold. Then either

(i) F has a fixed point in T; or
(73) There exists u € T and X € (0,1) with u € AF(u) + (1 — A\){uo}.

Definition 2.3. A multivalued map F : J X B — Ppge,e0(X) is called
L'-Caratheodory if

(i) F(t,z) is measurable with respect to ¢ for each x € B,
(ii) F(t,x) is u.s.c. with respect to z for each t € J, and
(i3i) for each ¢ > 0, there exists a function h, € L(J,[0,00)) such that
IF(t,0) = sup{llgl = g € F(t,0)} < hy(t), aet € J

for all v € B with |jv||p < q.
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We need the theorem due to Lasota and Opial [17].

Theorem 2.2. Let X be a Banach space, F' ba an L'-caratheodory mul-
tivalued map with Sg 4 # ¢ where Sp g :={g € L'(J,X) : g(t) € F(t,¢)a.e.t €
J}, for each fixed ¢B, and K be a linear continuous map from L'(J, X) to
C(J,X). Then the operator K ¢Spy : C(J,X) = PepeoC(J, X) is a closed
graph operator in C(J, X) x C(J, X).

3. Main Result

Before starting and proving our main result, we first give the definition of mild
solution of system (1).

Definition 3.4. A function z : (—o0,b] — X is called a mild solution of the
system (1) if z(t) — f (¢, ;) is absolutely continuous on [0, b]/{t1,t2, ..., tm }, To =
¢(t) € B, the impulsive conditions x(t;) = I (x(t;)), k = 1,2, ..., m are satisfied,
and for each s € [0,1), the function A(s)U(t,s)g(s,xs) is integrable such that

z(t) = U(t,O)[qﬁ(O)—9(0,¢(0))]+g(t,xt)+/o A(s)U(t,5)g(s, zs)ds

v /O Ult,5)f(s)ds + S Ukt Iu((ty), (3)

0<tp<t
where f € Sp, = {f € L}(J,X) : f(t) € F(t,xt,fg e(t,s,xs)ds), for a.e., t€
J}.

We consider the following assumptions in the sequel

(H1) U(t,s) is a compact operator whenever ¢t — s > 0 and there exists a
constant M > 0 such that ||[U(¢,s)|| < M for 0 < s <t <b.

(H2) The multivalued map F(t,z,y) is an L'-caratheodory multivalued map
and has compact and convex values for each (¢,z,y) € J x B x X.

(H3) There exist constants 0 < 8 < 1, Ly, Ly > 0 such that g(.) is xzg-valued,
(—A)3(.) g(.) is continuous and
(i) [(=A)P@) gt z)ll < Lillzells, (¢, 2) € J x B,

(i) H(—”A))ﬁ(tl) g(t1, 1) — (—A)P(t2) glta, war)|| < La(|ts — ta| + |21, —
T2t||B),
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(tiyxit) € J x B,i = 1,2, with

Cl_gbﬁ
p
where K = sup{K(t) : 0 < t,s < b}, My =sup{M(t):0<t, s <b},

Lo = Laof{[|(—A)°(s)]| +

}Kb < 1.

(H4) The impulsive function [ are continuous and there exist positive con-
stants [y such that ||Ix(x)| < B,k =1,2,...,m, for each z € X

(H5) There exist a function ¢ € L'(J, RT) such that

H /0 elt, 5,25)dsl] < a(O)p(l6]15),

for a.e. t,s € J and all ¢ € B, where ¢ : RT — (0,00) is a continuous
and nondecreasing function.

(H5) There exist a function p € L'(J, RT) such that

[E(t, ¢, x)|| == sup{[[v]| : v(t) € F(¢,¢,2)} < p(t)e(l¢ls) + =],
for a.e. t € J and each ¢ € B,x € X.

Theorem 3.1. Let ¢ € B, if the assumptions (H1)-(H6) are satisfied, then
system (1) has atleast one mild solution on (—o0,b) provided that there exists
a constant N, with

(1= Ky Li[[(=4)%(s)]| = Ky LiCh_p5) N,
N1+ KpMb supge j w(s)
where Ny = Ky M||g(0,¢(0))[| + M K[|p(0)]] + My|[¢(0)[|3 + MKy 2% B

Proof. Let By, be the space of all functions x : (—o0,b] — X such that
xo € B and the restriction x|; € PC. For each z(t) € By. Let ||.||p be the
semigroup in By defined by

> 1, (4)

zlls = [lzoll5 + [lz]lx = [lzolls + sup{[jz(s)[| : 0 < 5 < b}

Consider the multivalued map ¢ : B, — P(By) defined by ¢x, the set of h € By
such that

o(t), if t € (—o0,0]
h(t) = { U(t,0)[¢(0) — g(0,6(0))] + g(t, z¢) + Jo AU (L, 5)g(s,x)ds
F LU f(s)ds+ S Ut t)Ie(x(ty), teJ,

0<tp<t
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where f € Sp, = {f € LY(J,X) : f(t) € F(¢ xt,fo e(t,s,xs)ds), for a.e., t €
J}. We shall show that the operator ¢ has a fixed point, which is then a mild
solution of system (1).

0 — {00, if t € (—00,0]
Y Ut,0)6(0)  if t €,

Set x(t) = z(t) +y(t), —oo < t < b. It is clear that x satisfies (3) if and only if
z satisfies zg = 0 and

Z(t) = - U(tv 0)9(07 ¢(O)) + g(t, 2zt + yt) + /0 A(S)U(tv 5)9(57 zs + ys)ds
+/OtU( s)ds +0<%:<t (t, tr) Ik (2(t) +y(ty),

where
feSp,={felL'(JX):

t
f(t) S F(ta 2+ yta/ €(t,8,25 + ys)ds)v fO’I” ae., t e J}
0

Let BY be the space of all functions z : (—oo,b] — X such that zp = 0 and
the restriction z|; € PC. For each z(t) € By, let ||.||y be the norm in Bf defined
by

1[ls = sup{|[=(s)[| : 0 < s < b}.
Thus (B, ].]ls) is a Banach space.

Let the operator @1 : BY — P(BY) be defined by ®;(x), the set of hy € BY)

such that

0, if t e (—o00,0]
ho(t) = { —U(t, 0) ( ¢(0)) + gt 2+ y) + Jo AU, 9)g(s, 25 +y,)ds
+ U s)ds + 3 << Ut tk)fk( 2(ty) +ylty)), teld
We divide the proof into several steps.

Step 1. Choose ug = 0 and a convex and open set 1" in Bg.
Let A € (0,1) and let z € A®x, then there exists an f € Sp ., such that

Z(t) = _)‘U(t7 0)9(07 ¢(0)) + )‘g(t7 zr + yt) + )‘/0 A(S)U(t7 5)9(57 Zs + ys)ds
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t
+)\/ U( dS + A Z t tk Ik tk)—l—y(t,;))a tedJ,
0 0<ty<t

By hypotheses (H1)-(H6), we have, for each ¢ € J,
(o)) <0 (190, 6O + b sup(p(s) + a(s)xlz + vslls) + 3 52
k=1

t
_ Ch_
+ Luf(=A) P (s)lll126 + walls + Lo / 1 12 + sl ds.
o (t—3)

And from the axiomatic definition of the phase space B, we have

1zt + yills <llzells + llyells
< Kpsup{|2(s)]| : 0 < s <t} + MK [[¢(0) || + Mo 6] 5-

Consider the norm of the function x(#), ||x|| = sup{x(¢) : 0 <t < b}. Therefore,
we obtain the following inequality

3
(1= KLl -AP ) - BaCioa)IN _
N1+ KpyMb sup,ejw(s) -

Then by (4), there exists N, such that || x| # N.. Set T = {z € By : ||z[|y < N,
from the choice of T, there is no z € 97" such that z € A®;z for A € (0,1).

Step 2. @1 has a closed graph.
Let 2" — z*,hy € ®12" and hy — hj. We shall prove that hy € ®q2*.
Indeed, if hi € ®12" means that there exists f, € Sp ), such that

Rt = — U(t,0)g / Afs 204 ya)ds + gt 7 + )
t
+/ Ul(t,s)f(s)ds + Z (t,ti) k(2 (t];) +y(t,;)), te
0 0<ty<t

We must prove that there exists f. € Sk .+, such that
B(t) = — U(t,0)g / Als b yds + gt 2+ )

t
+/ Ul(t,s)f(s)ds + Z (t,te) k(2 (t];) +y(t,;)), teld
0 0<tj<t
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Clearly, we have the norm value of

{ho (1)+U(E,0)9(0, ¢(0)) — g(t, 2 + y1) —/0 A(s)U(t,8)g(s, 25 + ys)ds

= > Ul te) e(Z" () + y(t;)}

0<tp<t

—{ho(t) + U, 0)9(0,6(0)) — g(t, 2" + yr)

- / AUt $)g(s 20 +y)ds — 3 UL )L (6) + y(t)

0<tp<t
— 0, as n — oo.

Comsider the linear and continuous operator K : L'(J, X) — C(J, X) de-
fined by

f—=Kft) :/0 Ul(t,s)f(s)ds

From Theorem 2.2., it follows that IC ¢ S is a closed graph operator, and

h (t)+U (t,0)g(0, $(0)) —/0 A(s)U(t,s)g(s, 25 +ys)ds — g(t, 2" + yr)

- /0 Ult.s)f(s)ds — 3 Uttt I(="(t7) + u(tp)). € K o Spocn.

0<tp<t

Since 2" — z* and hg — hg, it follows that from Theorem 2.2 that, there
exists an fi € Sg .+, such that

ho(t) = = U(t,0)9(0,$(0)) + /0 A(s)U(t, 8)g(s, 25 +ys)ds + g(t, 2 + y1)

T /0 Ults)f(s)ds + 3 Ut i) T(=* (1) + y(t7)).

0<tp<t

So we can conclude that ®; has closed graph.
We define two the maps. Let the map A: T — Bg be defined by

0, if t € (—o0,0],
hai(t) = € =U(t,0)g(0,¢(0)) + g(t, 2 + ye)
+ [LA(S)U(t, 5)g(s, 25 + ys)ds,  if t € J,
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and C : T — P(B}) be defined by, Cz, the set hs(t) € By

ho(®) = {0, z‘fte( 00, 0]
fo s)ds +Zo<t U te)Ie(2(t,) +y(t,)), if ted,

Then ®; = A+ C.

Step 3. A is a contraction on Bg.
Let z1(t),2%(t) € T. By hypothesis (H3), we have

bs
A= () = A2 ()] < La{ll(=A) P ()] + leﬁﬁ}Kszl = 2%s
Taking supremum over ¢,
be
A= () = A2 ()] < Loll2! = 22[p, Lo = La{l(=A) P ()] + Crop g .

This shows that A is a contraction map, since Lo < 1.

Step 4. C is convex for z € T.
In fact, if hd(t), h3(t) belong to Cz, then there exists fi, fo € Sk, such that

Bi(t) = /O Ut ) fi(s)ds + S Ut t)Iu(=(t7) + y(t;):

0<tp<t

Since F(t,z) is convex valued, for 0 < 7 < 1,[7f1 + (1 — 7)f2](t) € SFa.
Moreover,

(Thi(t) + (L —=7T)B3() = > Ut t)In(2(t) + y(ty))

0<t <t
+ / Ut s)[rfi(s) + (1 — 7) fa(s)]ds
0

Therefore, C is convex for z € T.
It is easy to prove C maps bounded sets into bounded sets in Bg. Also it is
obvious that the map C has closed values.

Step 5. C: T — P(B})) is completely continuous.
First of all, we consider that C maps bounded sets into equicontinuous sets in
T. Let z(t) € T. If ho(t) € Cz(t), then there exists an f € Sp ., such that, for
eacht € J

@(t):/o Ut,)f(s)ds + S Ult,te)Iu(2(t5) + y(ty).

0<tp<t
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Let 71,79 € J,71 < T2. Then we have

T2

Ia(r2) = har)ll < | Ulrms)f(s)s 431 3

71 T <t <T2

[+ [ s - Ul lds
+ Y U2 te) = U, t)1Be-

0<tp <71

We see that [|ha(m2) — ha(71)|| tends to zero as (1o — 71) — 0 with e sufficiently
small, since U(t,s) is a strongly continuous operator and the compactness of
U(t, s) for t > 0 implies the continuity in the uniform operator topology. Hence,
C maps bounded sets into equicontinuous sets.

The equicontinuity for the cases 71 < 70 <0, or 71 < 0 < 75 < b are similar.
Next we shall show that C maps T into a precompact set. Let 0 < t < b be
fixed and let € be real number satisfying 0 < € < t. For z € T', we define

@@)-UQJ—{XA%Nt—Q@fQMs

+Utt—€¢) Y Ult—es)(2(t;) +yty),

0<tp<t—e

where f € Sp,. Since U(t,s) is a compact operator, the set Y (t) := {h5(t) :
z € T'} is precompact for every €, 0 < € < t. Also, for every z € T, we have

t

o)~ w0 < | UGto)f(s)ds +M 3

t—e t—e<tp<t

The right hand side of the above inequality tends to zero as ¢ — 0. Since
there are precompact sets arbitrarily close to the set Y'(¢) := {ha(t) : z € T'}.
Hence Y (t) is precompact in X. By Arzela-Ascoli theorem, we conclude that
C:T — P(BY) is completely continuous.

As consequence of Steps 3-5, we conclude that ®; = A+ C is a condensing
map.
All of the conditions of Theorem 2.1 are satisfied. So, system (1) has a mild
solution on (—oo, b]. This completes the proof.



EXISTENCE OF SOLUTIONS FOR IMPULSIVE PARTIAL... 951

4. An Example

As an application of our results we consider the impulsive partial neutral inte-
grodifferential inclusion of the form

0 2
%[v(t,x) —/ ke (8)g1 (. v(t + 6, x))d@} € alt, :c);; o(t, z)
0 > t 0
+ p1(0)r1(t,v(t +0,x))do + / / p2(0)ra(t,v(t + 0,2))dsdd, t € [0,b],
—00 0 J—oo
€ [0, 7], (4.1)
oty x) —ulty,2) € [“bilu(ty )|, +belv(ty, 2)]], z € [0, 7],
k=1,2,...m (4.2)
v(t,0) = v( ,7), t e 0,0, (4.3)
v(t,z) = ¢(t,xz), x€[0,7], —o0 <t <0, (4.4)

where a(t, z) is continuous function and uniformly Holder continuous in t, by >
0, k=1,2,....m,9p €D,

D = {¢p: (—00,0] x [0,7] = R; v is continuous everywhere except
for a countable number of points at which ¥(s7),1(sT) exists

U(s™) = v(s)},

0=ty <t <ty <..<tly<tpy1 =0, U(tz) = hm(h,x)—)(O*,x)U(tk + h,x),
v(ty, ) = lim, 2y 0~ 2) V(tk + b, @), p1,p2 1 (—00,0] = R a continuous function,
1,72 1 R X R — Pey i (R) a Caratheodory multivalued map.

Let
y(t)x = ’U(tax)v WIS [077-(]7 teJ= [07 b]a
)

I(y(t, ) (x) = [=brlv(t, ,x)|, +b|v(t, , x)|],x € [0,7], k=1,2,...,m,

0
F(t, ¢, 510)(x )_/ p1(@)ri(t,v(t +6,2))d0 + Brg(x)

Bro(z / / p2(0)ra(t, v(t + 0,2))dsdb

»(0)(z ,x), —oco<t<0 xz€l0,7]

Consider X = L2[0,7] and define A(t) by A(t)w — a(t,z)w” with domain
D(A) = {w € X : w,w'areabsolutelycontinuous, w” € X, w(0) = w(r) = 0}.
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Then A(t) generates an evolution system U (¢, s) satisfying assumption (H5)

(see [11]). We can show that problem (4.1)-(4.4) is an abstract formulation of
problem (1). Under suitable conditions, the problem (1) has at least one mild
solution.
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