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|I. INTRODUCTION

Quasilineaevolution equations forsaveryimportant class
of evolution equations as many tirdependent phenomena
inphysics,chemistry, biologyand engineering can be

represerdd by swch evolution equdions.  Several
authordawe studied thexistence of solutions ofabstract

quasilinear evolution equations in Banach space
[1,2,3,7,8,9,10,12,14]. Oka [10]and Okaand
Tan&ka[11l]discussed the existeice of solutions of

guasilinearintegrodifferenial equationsin Banach spaces.
Kato [6] gudied the non homo geneousevolution equations

andBalachandrarand Pau Samue[2]proved the existence
and uniquenes®f mild and classical delay integro
differential equation with non ¢éal condition. Theproblem
of existence of solutions of evoluti®@yguationsin Banab
space hasdenstudied byseveralauthors[4,5,8,9].The aim
of this paper isto prove theexistence and uniqueness$
midland classical solutions of quasilinear functioimaégro
differenial systemwith infinitedelay

u (8) + A(t, wu(t)

= f(t,u,)+ f k(t —s)g(s,uy)ds (1.1)
0
ug = ¢, on [-,0](1.2)
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whereu, () = u(t + 0), 6 € [-B,0],Fort € [0,T],we
denoteb¥ ', theBanach space of athrtinuousfunc-
tiondrom[—B, t]toXendwed with the apremum nom

I#l, = suplz 0}, x<E

Letthe functions £:00,T] X Eq toX; g:[0,T] X

Eo toX andk:[0,T] - [0,T]is a real value cbrtinuous
function. Here we seethat,cf,,we assumethat
foru € Er, £(,u¢y) andg (-, u,) : [0,T] - Xare bounded
L' function. Further assumethat there is a subset
BofX such that for(t,w) € [0, T] X Erwith w(¢) € Bfort €

[0,T], A(t, w)isalinearoperator inX.Alsog € EyisLipschitz
continuous with constart L, The resultsobtainedin this
paper are generaltation so the results gien by Pazy
[13],Kato [6,7nd Balachandraand Paul Samud].

Il. PRELIMINARIES

Let XandY betwoBanach spaces duthatY is densely and
continuouslyembedded iK. For ary Banad

spacegthenormofisdenoted bu” or ||.||Z.The spacef all

bounded lineaoperators fronX toY is denoted
byB (X, Y)andB (X, X)iswritten asB (X).We recall some
definitions andknown fads from Pazy [13].

Definition2.1.LetSbealineaoperatoinXand

letr beasubspace ¥fTheoperatos definecdby D (S ) =
{x€D(S) NY:SxeY}andS x = Sxfor x €
D(S)iscalledthparofSinY.{x + y: xe B,y € E}.

Definition2.2.Let B be a gbsed ofX and for every
0<t<Tandbe€eB , let  A(t,b) be the
i nfinitesimabeneratosfaG -semigrougss, 5(s),s = 0, on
X. The family ofoperators{A(t,b)},(t,b) € [0,T] X
B, isstable ifthere aconstats M >1 and
b ,knownassabilityconstats sichthat  p(A(t, b)) 2

(b,©)f or (t,b)e[0,T]xB , where p(A(t,b)) is
theresolvertset ofA(t, b) and

H; R(Z: At;.b ))H <M(L—w) Kfork > every finite

sequence® <ti <t; <...<ty <T,b;€B.

Definition 2.3. Let S¢ p(s),s = Obe the@- semigroup
A(t,b),(t,b)e I xB .A subspace
Y of X iscalled A(t,b) -admissibleif Y isin-
variansubspaced; ,(s)andtheestrictiorofS; ,(s)toYisa
Co-semigroup i. '

Let B c Xbeasubset ofX shahaforevery (t,b) € [0,T] x
B, A(t, b) istheinfinitesimal generator ofaCy-semigroup
St »(5), s = 0onX. Wemakehe followingassunptions:

(E1) Thefamilf{A(t, b)}, (t, b) € [0,T] x Bisstae.
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(E2) Yis A(t, b) — admissible foi(t, b) € [0,T] X B ancthe
family {A (t,b)},(t,b) e [0,T] x B ofparts
A~(t' b)OfA(t’ pliny,isstable if.

(E3) For(t,b) € [0,T] X B,D(A(t,b)) oY, A(t,b) isa
bounded lineaoperatorfrom Y to Xandt —

A(t, b)iscontinuousn theB (Y, X)norm||.|| for every € B.
(E4) There isaonstambl > Osuwchthat

||A(t,b1)— A(Lbz)nvax < L”bl_bznx

holdsforevery,, b, e Band0 <t <T. Let Bbe a subset
of X and {A(t,b)},(t,b) € [0,T]xB be a family of
operators satisfying the conditions (E1)-E4). If u €

Next weprovethe existence ofchl classical solutionsf the
quasilinear problenil.1)-(1.2).

For amildsolution of(1.1)-(1.2) we mearfiuaction

u € Epwith values in B satisfying thimtegral equaton

u(H) = U, (L 0 (O)+ [ U, 6.9) (s, u) (2.0

S
+ jo k(s—7)g(z, u)] ds
uO = ¢ On[_/u’ O]
Afunction UEET swchthatu(teYNBfor
t=(0,T],uECY((0,T]:X)and satisfies (1.1)-(1.2)in X is
called® Classical solution of(1.1)-(1.2) [6T], where
u € C1(0,T]: X),space of allcontinuowsly differentiable

C([0,T] : X)hasvalue sinBthen there is a unique evolutioffunctions from[0,T] to X andY isa A(t, b) —admissible

system U,(t,s),0<s<t<T, in X satisfying,
[13,Theorem 5.3.1and Lemma 6.4.2, di85201202]

(see

(i) JU.t.9)|<Me”® for 0< s<t<T.
where M andw are stability constants.

() Z-U,(L W= K5 U9 U(1 3 wor
weY, for 0<s<t<T.
(iil) a%UU(L,S)W:—UU(t,s)A(S, u(9) w for

weY, for 0<s<t<T.

(E5) For every € C([0, T]: X)satisfyingu(t) € B
for0 < t < T,wehave

Uu(t,s)Y cY, 0<s<t<Tand
U, (¢, s)isstronglycontinuousnYfor0 < s <t <T

(E6) Every closedaovexand boundedubseofY is
alsoclosedii.

Furthemweassumhat

(E7) f = [0,T] X Egto X is continuousindthereexist
constamsF; > 0andF, > Oswhthat
f (& @) = F& el S FL(lt —s| + [l — @2l|

Fo=max|f ¢.u,).

(E8) g:[0,T] x Eoto X iscontinuousind therexist
constamsG; > 0andG, > Oswhthat

Jlota-a(sd)l, ds< G(| t Bl

G, = maxI;”g (s,y ) ds

(E9) Thereal-valued functidiscontinuousn[0, T]
andthere existsapositwenstamk; suwchthat

[k(®)[| <K+ fore € [0, T].Wenotethattre condition

(E6)isalwayssatisfied Mand’ arereflexiveBanah spaces
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subspace of.
Furtherthere exists aonstantE, > 0swch thatforevery
u,v € C([0,T]: X)with values inBandevery weY,wehave

st 9w-U,(t 9 < B[ W, [[] un)- @) ¢ (2.2)

Ill. EXISTENCERESULTS

Inthissectionwe mvetheexistenceantiquenes
resultforaclassicalsolutionto(1.1)-(1.2). l;oéte
Erbegiverbyy (t) = @ (t)fort € [-B, 0]andp (t) =
@ (0)fort € [0, T].Denote

B, (#(0)) ={xe X: [x-0)|, <r},
B,r ¢;O ={y eE,; <2r.
()t EO

Theorem?2.lLet B and V begeensubsetsofX and
Eqregectivelyand thefamilyi(¢, b)oflinear operadorsfort €
[0,T],b € B,-(¢(0)) satisfyingqassumptions
(E1)-(E9)andA(t, b)¢(0) € Ywith

|At.b)#(0), <C,,Cy >0

forall (t,b) €[0,T] x B. There existsapositiveostant
Ty suchthat thquasilinaproblen(1.1)-(12)
hasauniqueclassical saion.

Va9, < K

Taker > OswchthatB,-(¢(0)) ¢ BandB,r(Po) c V.

Z_¢~o

Pr oof:
LetSheanonemptylosedsubset 6f([0, T]: X)
definedoy

S={YECr, Yo = o fort E[~BOL (L)€
B, (9(0))}.

We easilydeducthatSis a closed, aovex and
bounded sbseaofCr,. Takey € S.Nowforé ¢

[—B, 0],wehawethefollowingwocases.

Case(i): It + 6 < Owehave
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v (t+0)—¢(0)

1//1(9)—&0(9)

X X

X

-Jote+0)-40)
=L,T,<r.
Case(ii): It + 6 = Owehave

v (t+0)—$(6)

X

X

v, (0)~,(6)

~Ject+0r-s0

=[¢©)-¢@),
=r+L(-0)
<r+Lt
<r+lT<2r.
(since-6 <t <Ty).

X

Thus, fowp € S, Y, € By,-(¢).Defined: S —» Sby

U, (t,0)(0)
UL (s w
+[ k(s-7)o(s u) ¢] ds E[0, 71

(t), te[-u0].
FirstweshowhatH iswelldefined anéu(0) =
¢(0).Fort = 0,wehave

Hu(t) - ¢(0)=U, (t,0) (0)- ¢ (0)
+I;Uu(t,8)[ f(s Lg)+j§ Ks-7) {(su) d] d

Hu(t) =

Taking thenorm, wget
[ Hu(t) —4(0)] < U, (t. 0} (0)-¢ (0}
+I; U, s f(s LL)+_|.: Ks-7) (s u) d]H d

Integratindii),weobtain

U, (. 0B(0)-4(0)= J,U, E S)AG,u(9Y (9ds

Thus, we have

. €.08(0)-4(0), <[ Ju, t)AGUE), |¢ (], d
<C.KT,

r
<-—.

2

Also we have
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j; L9 f(sw+[ Ks-7) d sy d]H ds
<K J I (s.u) - (s w)+ f(s W)
ks de w - de W+ de, il d] o
<K [ []f )= f(s P, +] f(s w)

+K. [*(lo(z.u,)- 9(z.4))dr] ds
<K[2r(F, +K;G,)+F,+ K. G,]T,

<L

2

Using the resultfou e § Y € B, (). Thus, forue S
andt >0, we get

[Hu(t) - $(0)], s%+%s r.

So, H is well defined fotl, Ve S,we consider

Hu(t) ~ Hu(t) = U, (1, 0)$(0)-U, (¢, 0} (0)
LU s W[ Ks-0) d s d] ¢
ol
Let
1, =V, €.0(0)-U, ¢ ,0) (O},

<E[¢O)f,u(9- w3, ds
< Ey[#(O)] Ju-| T

U, f(sw)+[ Ks-2) d's V) d]H ds

Also let
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L=[0,E (s W+ [TKs-old sy d
U9 (s W+ [ Ks-)d s d]
WS T(s W+ [ s d s W) d ds
<K J [f G.u)- f(sw)]

+iks= s u)- dr. V) | ds

Bl s W+ [ ks dr. v ¢l

t
x L”u(r) ~V(z)|, dr]ds
< Kl[FLJ:“uS —Vs||d5
t
+K; IOGL lug — v d
+E[2r(F + K Q)
+F K Gyl [lu— | TS
< Kl[FL.[tsup”u (s+0-Vv(s+6) ds
0 9 X

+KTGLIt5ud|U c+0-v(s+0) ds
0 ¢ X

+E[2r(F + KG)+ R+ KGl|u- T
<KF To|u—v+ KK;G Tofu—v
+E[2r(F +K;G,)+F,
+K:GolTs Ju—V
S(KJF +K.G I+TEJ2r(F + K G)
+Fy+ K G Tolu—.
Hence,
l,+1,=|Hu(t)—Hv(t)|
< (E[#(0)], + KiIF, + K G ]|
+TE[2r(F + K.G,)
+Fy+ K Go]) To|lu— |
<OT, Ju-,.

1
<=
<Hu-yy

Thus HisacontractiorfromStoS.So,bythe Banach contract
ionmapping theoremH has  anique fixedpoint u €
Swhich satisfies the integraqudion. Henceit is amild
solution of(1.1)-(1.2). Now, we consider the following
evolution equation

E-,—O '
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u(t) + At,u)u(t) = f(t,u[)+_ﬁ k(t—9 o(s u) ds(3.1)

u(0) = ¢(0). (3.2)
DenoteA”(t) =A(t,u(t)), F (©)=F(t;us) and
G (t)=g(t,us)ds,then equation (3.1)cankdttenas
)+ AtLu)=FO+[ -9 @3 ds  (3.3)
u0)=¢(0). (3.4

whereuisheunique solution fixedointofH inS.
Nowweassumthat(E7)-(E9)wehave

1T )1 6.2, <Flt-o,

[ ot n-a(s )y ds< G| &
and
k()] < K-

Henceforeach>0there existsad=>0suctihaif
[t—s/<Simpliesthat

Ift.0)-f 62, <e

[ lott.)- a(s 1), ds<e.

Thus £(t,x) € Er,andg(t, x) €

Er forfixedy.HencefromPaZzj13] Theorem 5.5.2],&
getaunique functionv € C1((0, To]; X)satisfying (3.3)-(3.4)
inXandvgiverby

V(1) =V, (t, 0 (0)+ [ U, t.8)[F (5.4,
+] k(s=7)9(s u) ¢] ds &[0,

wherdJ.(t,5),0 < s < t < Toisthe evolution sys

tem generatedby the familyA(t,u(t)),t €[0,To]. The
uniqueness of impliegthatv =uon[0,To]. Thus uis a
unique Iecal classicalofl.1)-(1.2).

REFERENCES

H.Amann, Quasilirearevolution  equationsand parabolic
systems, Trans. Amer.math. Soc. 29 (1986),191-227.
K.Balachandraand F.Paul Samuel, Existene ofsolutions
forquasilinardelayintegrodifferertialequations  withnomial
conditions, EéctronJ.Diff.Eqns.Vol.2009(2009),No.6;7.
K.BalachandraandK.Udiyama, Existenceof solutions  of
quasilinear integdifferential equationswithnonlocalcondition,
Tokyo.J.Math. 23 (2000),203-210.

0O.Caps,Evolution equationsinscald3afach
Verlag,Teubne¥erlag,2002.

A.G.KartsatosThe existence ofluncedsoutions
ontheeallineofpertubed nonlinearevolution equations ingeneral
Banach spaces, Non linearAnal., 17(1991),1085-1092.

(1]
(2]

(3]

[4] spaces,

(5]

(6]
(7]

S.Kato, Nonhomogeneogsasilinarevoluion equationsin
Banachspaces,NonlinearAnal.9 (1985),1061-1071.

T. Kato, Nonlinear semigroups and evolution equations
inBanach spaces,J.Math. Sdapan
19(1967),508-520.

T.Kato, Quasilirearequations
applicationsopartial differential
NotesinMath. 448(1975),25-70.

with
Lecture

ofevolution
equations,

8]

www.er publication.org



International Journal of Engineering and Technical Research (IJETR)
I SSN: 2321-0869, Volume-2, I ssue-4, April 2014

[9] [9]T. Kato, Abstractevolution equation lineardquasilirear,
revisited, Lecture Notes in &th1540(1993),103-125.

[10] [10]H.OkaAbstractjuasilinernvolterrantegrodifferential
equations, Nonlinear Anal. 28 (1997), 1019-1045.

[11] [11]H.Ola andNTanala Abstract
quasilinarnntegadifferentiakquations ofhyperbolictype Non-
linearAnal.29(1997),90325

281 www.er publication.org



