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1. Introduction

The controllability for functional differential and integrodifferential systems in Ba-
nach spaces has found wide applications in many branches of physics and techni-
cal sciences. The theory of impulsive integrodifferential equations is an important
branch of differential equations, which has an extensively physical background [14],
[16], [22]. Delay differential equations are a special type of functional differential
and integrodifferential equations which is similar to the ordinary differential equa-
tion, but the evolution involves past values of the state variable. The solutions of
delay differential equations therefore requires knowledge of not only the current
state, but also of the state of a certain time previously. System of delay differen-
tial equations have occurred all areas of science and particularly in the biological
sciences (e.g., population dynamics and epidemiology). They also often arise in
either natural or technological control problems. In these systems, a controller
monitors the state of the system, and makes adjustments to the system based on
its observations. Since these adjustments can never be made instantaneously, a
delay arises between the observation and the control action. There are different
kinds of delay existing in dynamical systems. The development of the theory of
functional differential equations with infinite delay heavily depends on a choice
of a phase space. In fact, various phase spaces have been considered and each
different phase space has required a separate development of the theory. When
the delay is infinite, the selection of the state(i.e. phase space) plays an important
role in the study of both qualitative and quantitative theory. A usual choice is a
normed space satisfying suitable axioms, which was introduced by Hale and Kato
[15]. Hernandez et al. [16] proved the existence of solutions for impulsive partial
neutral functional differential equations for first and second order systems with
infinite delay. Balachandran et al. [1], [2], [3] discussed the controllability first
and second order functional differential and integrodifferential evolution system in
a Banach space without impulse effect. Chang and Li [9] obtained the controlla-
bility result for functional integrodifferential inclusions on an unbounded domain
without impulse term. In recent years, significant progress has been made in the
controllability of linear and nonlinear deterministic systems [19], [20], [21]

On the other hand, researchers have been proving the controllability results
using compactness assumption of semigroups and the family of cosine operators.
Bing Liu [23] studied the controllability of first order impulsive neutral functional
intrgrodifferential inclusions with infinite delay in a Banach space with the as-
sumption of compactness of the semigroup. However, as remarked by Triggiani
[24], in an infinite dimensional Banach space, the linear control system is never
exactly controllable on a given interval of time, if either a bounded linear operator
(from control space to state space) is compact or a semigroup is compact. Accor-
ding to Triggiani [24], this is a typical case for most control systems governed by
parabolic partial differential equations, and hence the concept of exact controlla-
bility is very limited for many parabolic partial differential equations. Nowadays,
researchers are engaged to overcome this problem, refer to [15], [16], [17], [23],
[24]. Recently, Chalishajar and Gunasekar et al. [9], [6], [7], [8], [14] studied the
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controllability of second order neutral functional differential inclusion, with infi-
nite delay and impulse effect on unbounded domain, without compactness of the
family of cosine operators.

In this paper, we discuss the controllability for the second order impulsive
neutral functional integrodifferential inclusions, with infinite delay through the
phase space defined in [17], and without compactness of the family of cosine
operators. To the best of our knowledge, there is no work reported on the con-
trollability of neutral functional integrodifferential inclusion of second order with
impulse effect and infinite delay in a Phase space, and the aim of this paper is to
close the gap. The result obtained in this paper are generalizations of the results
given by Chalishajar [8] and Covitz and Nadler [11].

2. Preliminaries

The purpose of this paper is to study the controllability of impulsive partial neu-
tral functional integrodifferential inclusion of second order with infinite delay.
Specifically, we are concerned with the inclusion form

(d

7 ['(8) = g(t, 00, 2/ (1))] € Aw(t) + Buft)

+F<t,$t,x’(t), /te(t

0

L (te), 2/ (tr));
I ((te), o' (tr));
\:C(O) =¢e B, 2(0) =z,

a:'(s))ds), teJ, t+#t;

7S7$57
(1) Ax(ty) = k=1,2,...m

, 2, ..M

where A: D(A) C X — X is the infinitesimal generator of a strongly continuous
cosine family {C(t) : t € R} defined on X, and F' : J x By x X x X = X
is bounded, closed and convex multivalued map, h : J X J x B, x X = X is
appropriate function. Let Jy = (—00, 0], and non-local condition ¢ € B, (defined
below) and xy € X be the given initial values. g : J x B, x X — X is a given
function, the state the function x(t) takes values in X, and the control function
u € L*(J,U), a Banach space of admissible control functions with U as a Banach
space. B is a bounded linear operator U to X. X is a Banach space with the
norm | - |.

Also, 0 < tg < t; < .. <ty <tlpy1 =m (— 00 as t — o0); I} I} €
C(X x X, X), k= 1,2,...,p are bounded, Az|;—, = z(t{) — z(t;), Ax|s=y, =
2 (65) — 2/ (ty) and x(ty), x(t), 2'(t; ), «'(t;) represents the left and right limits
of z(t) and 2'(t), respectively, at t = t;. Furthermore, for any continuous function
x defined on the interval J; = (—oo, m| with values in X and for any ¢t € J. We
denote by z; an element of C(Jy, X) defined by z,(0) = z(t + 60),0 € Jo.
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We present the abstract phase space By. Assume that h : (—o0, 0] — [0, 00)
be a continuous function with [ = fi)oo h(s)ds < +oc. Define
By, = { ¢ :] — 00,0] — X such that, for any r > 0,

¢(0) is bounded and measurable function on [—r, 0]
0

and / h(s) sup |o(0)|ds < —i—oo}.
—oo s<0<0

Here, By, is endowed with the norm
0
lolla, = [ as) s [6O)lds, 6 € B
_oo $<6<0
Then, it is easy to show that (B, ||.||,) is a Banach space.

Lemma 2.1 [8] Suppose x € By,; then, for each t € J,xy € By,. Moreover,
Ha()] < l|zlls, < sup (Jz(s) + [|lzolls,),
<0<0

0 s<
where | := / h(s)ds < +o00.

—0o0

Next, we introduce definitions, notation and preliminary facts from multi-
valued analysis, which are useful for the development of this paper. Let C(J, X)
be the Banach space of continuous functions from J to X with the norm

1y]loe = sup [y(t)].
teJ

B(X) denotes the Banach space of bounded linear operators from X to X.
Let L'(J, X) denotes the Banach space of continuous function x : J — X,
which are integrable and endowed with the norm

loll = [ le®ldt, = € L1(2,X).
0

For a metric space (X, d), we introduce the following notations:
P(X)i= {Y € P(X) Y £ 6},
P,(X):={Y € P(X) :Yis closed},
Py(X) :={Y € P(X) : Yis bounded},
P.,(X):={Y € P(X) :Yis compact},
Py (X)) :={Y € P(X) : Yis bounded and closed}.

We define a Hausdorff space Hy : P(X) x P(X) — R* U {0} by

Hy(A, B) :== max {sup d(a, B),supd(A, b)} )

acA beB

where d(A,b) :=inf,c4 d(a,b), d(a,B) := infycpd(a,b).
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Then (P, 4(X), Hy) is a metric space, and (Py(X), Hy) is a generalized (com-
plete) metric space.

We now recall some preliminaries about multi-valued maps.

Let (X.].]|) be a Banach space. A multi-valued map G : X => X is a
convex (resp. closed) iff G(y) is convex (resp. closed) in X, for all y € X. The
map G is bounded on bounded sets iff G(B) = |J G(y) is bounded in X for any

yeB
bounded set B on X (i.e., sup{sup||z| : * € G(y)}} < o), G is called upper
yeB

semi-continuous (u.s.c.) on X iff for each yo € X the set G(yo) is a nonempty,
closed subset of X and if for each open set B of X containing G(yg) there exists
an open neighbourhood A of yg such that G(A) C B. The map G is said to be
completely continuous iff G(B) is relatively compact for every bounded subset
BCX.

If the multivalued map G is completely continuous with nonempty compact
values, then G is u.s.c. iff G has a closed graph. That is, if v, — yo and x,, — o,
where z,, € G(y,), then zy € G(yy). We say that G has a fixed point iff there
is y € X such that y € G(y). In the following, BCC(X) denotes the set of all
nonempty bounded, closed and convex subsets of X.

A multivalued map G : J — BCC(X) is said to be measurable iff for each
y € X, the distance function Y : J — R, defined by

Y(t) :=d(y,G(t)) =inf{ly — z| : 2 € G(t)},

is measurable. For more details on multivalued maps see [12], [18].

An upper semi-continuous map G : X => X is said to be condensing iff for
any subset B C X, with a(B) # 0 we have o(G(B)) < a(B), where « denotes the
Kuratowski measure of non-compactness. For the properties of the Kuratowski
measure, we refer to Banas and Geobel [4].

We note that completely continuous multivalued map is the easiest example
of a condensing map. For more details on multivalued maps, see the book of
Deiming [12] and the research article of Travis and Webb [25].

We say that the family {C(t) : t € R} of operators in B(X) is a strongly
continuous cosine family iff

1. C(0) = I, I is the identity operator on X.
2. C(t+s)+ C(t—s) =2C(t)C(s) for all s,t € R.
3. The map t — C(t)y is strongly continuous for each y € X.

The strongly continuous sine family {S(¢) : t € R}, associated with the strongly
continuous cosine family {C(t) : t € R}, is defined by

t
Sty = / C(s)yds,y € X,t € R.
0
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The infinitesimal generator A : X — X of a cosine family C'(¢) : t € R is defined by

d2
5 C()ylizo,y € D(A).

where D(A) = {y € X : C(t)y is twice continuous differentiable}.
We refer to the book of Goldstein [13] for the detailed study of the family of
cosine and sine operators.

Definition 2.1 A multivalued operator G : C' => P,(X) is called

(a) ~y-Lipschitz iff there exists v > 0 such that Hy(G(x),G(y)) < ~d(z,y) for
each x,y € X

Ay = —

(b) a contraction iff it is y-Lipschitz with v < 1.
Definition 2.2 The integral formulation x(¢) of system (1) is given by
z(t) = o(t), ifte Jy,

£(t) = CHO0) +SH)zo— 9(0,6,20)] + / Ot — 5)g(s, 20, 2'(5))ds

_|_/O S(t — s)Bu(s )dS-i—/ S(t—s)f(s)ds

+ Y Clt—t) L, 2 () + Y S(t—te) [ (2,2 (1)), if t € T,
O<tp<t O<tp<t
where f € Sp,, = {f € L'(J,X) : f(t) € F(t, 2,2 t), [ e(t,s, x5, 2" (s))ds), for

ae. t € J} # ¢ and 9 = ¢ € By, is called a mild solutlon of the inclusion (1)
provided [ C(t — s)g(s, x,,2'(s))ds is integrable.

Definition 2.3 System (1) is said to be controllable on J' = J | {t1,ta,....t,}
iff for every ¢ € B, with ¢(0) = D(A),zo € X, and z; € X, there exists a
control u € L?(J,U) such that the mild solution z(-) of the system (1) satisfies
z(m) = x; € D(A),2'(m) = y; € X, the conditions Az|,—y, = I}(x,,2'(t)), and
AL |1y, = (g, @' (tx)); k = 1,2, ...,p; and 2/(0) = zq € By,

Lemma 2.2 ([25]) Let {C(t) : t € R} be a strongly continuous cosine family in

X with infinitesimal generator A. If hy : R — X is continuously differentiable,
with zg € D(A),z; € X, and

w(t) =C(t)zo + S(t)z1 + /t S(t—s)h(s)ds, te€ R,

then w(t) € D(A) fort € R, w is twice continuously differentiable, and w satisfies
w”(t) = Aw(t) + h(t), t€ R, w(0) =z, w'(0)=1yo.

Conversely, if hy : R — X is continuous, w(t) : R — X is twice continuously
differentiable, w(t) € D(A) fort € R, and w satisfies system (1). Then

w(t) =C(t)zg + S(t)z1 + /t S(t —s)h(s)ds, t € R.
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Lemma 2.3 (Covitz and Nadler [11]) Let (X,d) be a complete metric space. If
G : X = P,(X) is a contraction, then fir G = ¢ (where fir G denotes set of fized
points of the multi-valued operator G).

3. Controllability results

In this section, we prove the controllability of system (1). We adopt the following
hypotheses:

(H1) An operator A is an infinitesimal generator of a strongly continuous and
bounded cosine family {C(t) : t € R} with M = sup{|C(t)| : t € J}, and
sine family {S(¢) : t € R} with M = sup{|S(¢)|: t € J}.

(H2) F: JxByxXxX = X:P,(X):(.,¢¥,z,w) = F(.,¢,x,w) is measurable
with respect to t for each ¥ € By, and z,w € X, and F is u.s.c. with respect
to second,third and fourth variables, for each ¢t € J.

Indeed, by the Caratheodory condition of F', F' has a measurable selection
(see Theorem III in [5]).

(H3) The linear operator W : L?(J,U) — X is defined by
b

Wu = / S(t — s)Bu(s)ds,
0

W has an invertible operator W~! which take the values in L?(.J, U)| ker W
(since the restriction of W to the domain L?(.J, U)| ker W is invertible) and
there exists positive constants M; such that |[W=1|| < M;.

(H4) The linear operator W : L?(J,U) — X is defined by
b
Wu = / C(t — s)Bu(s)ds,
0
W has an invertible operator W which take the values in L2(J,U)| ker W
and there exists positive constants M, such that HW_lH < M.

(H5) There exist a positive constant M; such that ||B|| < Mj for ¢t € J.

(H6) Ha(F'(t, 401, ur, wr), F(E, 02, uz, w2)) < UE)([[1hr — Y| + [ur — ua| + [wy —w2l),
for each t € J, 91,5 € By, and uy, uy, wi, wy € X; where [ € L'(J, RT) and
d(0, F(t,0,0,0)) <I(t), for a.e. t € J.

(H7) The function e : J x J x B, x X = X satisfies the following conditions:

(i) For every (t,s) € J x J the function h(t,s,.) : By, x X — X is conti-
nuous.

(ii) For every (¢,w) € By, x X the function e(.,,w) : J x J — X is
strongly measurable.
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(ili) Hale(t, s, ¢1,u1),e(t,s, o, uz)) < U'(t)(||tr — V2| + |ur — ual), for each
t € J, 1,0y € By, and uy,us € X; where I’ € L'(J, RT) and
d(0,e(t,s,0,0)) <U'(t), for ae. t € J.

(H8) (i) I} : By x X — X are completely continuous and there exist constants

i = L2 suh that [(.a)lx < (@(WIB, + la)) +
k=1,2, ..., p; for every (¢,z) € B x X.

(ii) I : B, x X — X are completely continuous and there exist con-
stants d7,7 = 1,2, such that ||IZ(¢,2)||x < (di(|[¥]|Br + |x])) + d}
k=1,2,..,p; for every (¢, z) € By, x X.

Theorem 3.1 Assume that the hypotheses (H1)-(H8) be satisfied. System (1) is
controllable for xy and x1 on J, provided mM L[1+4(1/2) Msm(M; M+ MyM)| < 1.

Proof. For k = 1,2,...,p, consider By(J;,X) = {z :] — oo,m| — X; z(t)
is continuous at t # tx, x(ty) = z(tx), and z(¢)) exists}, and B}(J,X) =
{z € By(J1,X); 2(t) is continuous at ¢t # tx, 2'(t;) = 2/(tx), and 2/(¢]) exists},
with the norm

zllor = llzlls, + sup{[lx(s)llo, [l ()]l } : 0 <5 <b, & € B and 2’ € By;
t

m

where ||z||, = sup |z(t)|. Here, xy is restriction of = to Jy = (tx, tx41]; such that

€Jm

[ zxlls. = sup [lze(s)]].
s€Jk

Let us define the spaces
Zy = A{By(J1, X) N C*(J1, X)}, Zo = {By(J1, X) N C*(J}, X)},
where J| = Ji|{tr, k =1,2,...,p}.

Using hypotheses (H3) and (H4), we defined the control formally as

uylt) = 5 {7 s = Cm)3(0) — 5(m)[a(0) — (0, 6, o)

/ C(m — s)g(s,xs,x (s))ds—/mS(m—s)f(s)ds

~ Y Cm -t} @y, = > S(m—ty) R (xy,, v (tk))]

0<tp<t 0<tp<t

W [yl — AS(m)¢(0) — C(m)[z(0) — g(0, b, z0)]
— [ At = shgls (o)) - / " Cm — ) f(s)ds
= Y AS(m =ty (zy,, @ — > Clm—ty)R(wy,, @ (tk))}(t)>

0<tp<t O<tp<t

where v € S},
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Using this control, we shall now show that the operator G : Z; = P(Z;) and
Go : Zy = P(Z3), defined by

G@%z@nyﬂﬂ=C®M®+ﬂM%—(0¢mﬂ
/C’t—s g(s,xs, ds—i—/St—s )ds—i—/tS(t—s)Buy(s)ds
+ Y Ol L (e 2 () + > S(E = 1) (i, @' (4)) ],

Galy) = {a' € Z1 2 a(t) = ASW$(0) + C(B)wo — 9(0, ¢, 70)
/ASt—s g(s,xs, d8+/Ct—5 )ds—l—/tC(t—s)Buy(s)dS

£ 30 AS( ), () + Y Ot~ )T (e, 2 (1))

0<trp<t 0<tp<t

has a fixed point. This fixed point is then a mild solution of system (1).
Obviously, 21 € (Gyy)(m) and 25 € (Goy')(m). Next, we shall show that G; and
G+ satisfy the assumptions of Lemma (2.3). The proof will be given in two steps.

Step 1. We show that G1(y) € P.(Z1), Ga(y) € Py(Zs).
Indeed, let {x,},>0 € G1(y) such that x, — z, in Z;. Then z, € Z;, and there
exists f, € Sp,, such that for each t € J.

(1) = C(t)9(0) + S(t)[xo — g(0, ¢, 20)]
+ /0 C(t—s)g(s,xs,2'(s))ds + /o S(t—s)fn(s)ds
+ > Ot —t) (e, ' (t)) + Y St — ti) IR (@, 7 (1)

O<trp<t O<trp<t

/ S(t—s)B [xl — C(m)xg — S(m)[z1 — g(0, ¢, z0)]

/ C(m—71)g(r,x;,x (T))ds—/OmS(m—T)fn<T)dT
= Y Clm =t (wy, @' () = Y S(m —ti) 7 (e, @' (t))

O<tp<t O<tp<t

T [yl — AS(m)¢(0) — C(m)[z(0) — g(0, ¢, 20)]
_/mAS( (T, zr, 2 (7 ))ols—/m C(m — 1) fu(T)dr
S At )~ 3 o000 o

O<trp<t O<tr<t

Using the fact that F' has compact values and (H6) holds, we may pass a sub-
sequence which is necessary to find that f,, converges to f in L'(J, X); hence
f€Shu
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Then, for each t € J,
Zp(t) = z.(t) = C(£)9(0) + S(t)[zo — 9(0, ¢, zo)]

t

+ [ et 9uts.na s+ / S(t — ) Fuls)ds
+ Z C(t —tp) i (zy,, 2 Z St — tp) [} (x4, 7' (k)

0<tp<t 0<tp<t

+%/0 S(t — S)B{W_l [acl - C(m):vo — S(m)[ﬂﬂl - 9(07 @, 330)]
- [ =gt >>ds—/m S(m = 7)fulr)dr
— Z C(m — ty Ik Ty T Z S(m — t ]k Ty, 7' (1))

O<tp<t O<tp<t

e [yl — AS(m)¢(0) — C(m)[z(0) — g(0, ¢, z0)]
_/mAS( T)g(r, 2,2/ (7 ))ds—/m C(m —7)fu(r)dr
S At =t A~ 3 Gl =0 A0 Y

0<trp<t 0<trp<t
So, z. € G1(y). In particular, G1(y) € Py(Z1). Similarly, we can show that
Gg(y/) € Pcl(ZQ).

Step 2. We shall show G1(y) and Gs(y’) are contractive multi-valued maps for
each z € Z; and ' € Zs.
Let @y, 77,2/, 2" € Zy and x € G4 (y). then there exists f € Sp., , such that

2(t) = C)¢(0) + S(t)[wo — 9(0, ¢, x0)]

/Ct—s (s,zs,x ds—i—/St—s

+ Y Ot —te) I (w2 (1) +ZSt—tk (21, 7 (1))

/ S(t - s) 11— Clm)ag — S(m)[2(0) — 9(0, 6, z,)
—/ Clm—71)g(1, 2,2 (T ))ds—/mS(m—T)f(T)dT
— Z C —tk xtk, Z S — Ik Ty, T (tk))

AT [y1 = AS(m)6(0) — C(m)[2(0) = 9(0, 6, o)
—/ AS(m —T1)g(T, 2,2 (T ))ds—/ C(m —7)f(r)dr
- Z AS(m — ty) I} (24, @ Z C(m — tp) I (x4, @ (tk))]}(s)ds

O<tp<t O<tp<t
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From (H6),(H7) it follows that, for each t € J.

Ha(E(t, 2,2/ (8),w), F (67 7(2), @) < 1) (llee =T+ 12 () =7 ()] + w01,
Hence, there exists f(t) € F(t, T, 2'(t),w) such that

St 2! (1), w) = T (7, 7(2), )] < 1) (e =70 + 12'(0) = (1) + |w — ).

Consider V' : J = P(X), given by

V(t) = {T0) € X o 1t 2'(), w) = (¢, 7, 7(1), )]
< 1@ (llee = 3@ + 12/(t) = (1) + Jw ] }.

Since the multi-valued operator W(t) = V (t) N F(t,T;,2'(t), W) is a measurable
(see Proposition IIL.4 in [5]), there exists a function f(¢) which is measurable
selection for W. So, f(t) € F(t,7;,2'(t),w), and

(1) — F(1)] < l(t)<||xt (@) + |2 (t) — Z(B)] + w —w|), for each ¢ € J.

Furthermore, for each t € J, we define

2(t) = C(1)H(0) + S(t)[o — (0, 6, 20)]
+Ac@—mmxm<»@+l S(t — 5)(s)ds
+ Y Ot = )i (e, ' () + Y St — te) I (@, 2/ (1)

+ %/0 S(t — s)B{W‘1 [xl — C(m)xg — S(m)[x(0) — g(0, ¢, z0)]
—/ Clm —1)g(1, 2,2/ (1 ))dS—/ S(m —7)f(r)dr
_ Z C — 1 ],C Ty, T Z S m — tg Ik Ty, T (tk’))]

0<tp<t 0<trp<t

e [yl — AS(m)o(0) — C(m)[z(0) — g(0, ¢, z0)]
_ /m AS(m —1)g(7, 2., 2" (T))ds — /Om C(m — T)?(T)dT
= Y0 ASO =)L (w2 (0)) = Y Clm = )Ly, @' (1) ps)ds

0<tp<t 0<tp<t
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Then, for each t € J, we get

[2(t) = T(t)] < ) /Ot S(t—s)[f(s) — 7(5)]655)
+% /Ot S(t—s)B [W—l /Om S(im—7)[f(1) — 7(7)]d7] (s)ds
+% ’/Of S(t—s)B[Ww /Om Cm = )[f() = F(n)ldr | (s)ds

SMWM%—5M+MKU—?®@AmW@+”$WS

+% /Ot 1S(t — )| My My M, — 7 + [2/(1) — F(0)] /Om[z(T) () dr
+% /Ot 1S(t — )| My Mo My — 7 + [2/(5) — 7(0)] /Om[z(T) + () dr

< mMLl|e, = 3l| + |2/(t) - 7/(1)

45 MEMym(My8m + MymM)L |z, 7. + |2/(1) ~ (1)

< mML[L + (1/2) Ma(M; Mm + MymM))([|z, — || + |2/ (£) — @7 (¢)]),
where L = [["[l(s) 4+ '(s)]ds. Then
l2(8) = Z(0)]| < mML[L+ (1/2) Mym(My M + My M))(la = Tl + |2 (1) = 2 (1)]).
By interchanging the roles of z and =, we get an analogous relation
Ha(G1(y), G2(T)) < mM L[1+(1/2) Mam(My M + Mo M)] ([l =l |+ |2 (1) = 27(£)]).
Similarly, for any 2’ and 2/, we obtain
Ha(Gr(y), Go(y)) < mML{1+(1/2) Mym(My M4+-Mo M) ([l = |+ (1) =7(£)])-

Thus G and G, are contractive. As a consequence of Lemma 2.3, we deduce that
G1 and G9 have a fixed point. Hence, system (1) is controllable on J.

4. Conclusion

In this paper, we discussed the controllability results for the second order impulsive
neutral functional integrodifferential inclusions, with infinite delay through phase
space defined in Section 2. We have proved the result without compactness of
family of cosine operators. The result is obtained using a Hausdorff space (defined
in Section 2) and a contraction mapping for multi-valued maps due to [11].
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