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Abstract

In this manuscript, we establish the existence of nonlocal impulsive neutral functional
integro-differential equations with bounded delay in Banach spaces. Some existence results
of mild solutions to such problems are obtained under the conditions in respect of the

Hausdorff’s measures of noncompactness.
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1 Introduction

In recent years, the theory of impulsive differential equations provides a natural frame work
for mathematical modeling of many real world phenomena, namely in control, biological and
medical domains. In these models, the investigated simulating processes and phenomena are
subjected to certain perturbations whose duration is negligible in comparison with the total
duration of the process. Such perturbations can be reasonably well approximated as being
instantaneous changes of state, or in the form of impulses. These process tend to be more
suitably modeled by impulsive differential equations, which allow for discontinuities in the
evolution of the state. For more details on this theory and its applications, we refer to the
monographs of Bainov and Simeonov [1], Lakshmikantham et al. [13] and Samoilenko and
Perestyuk [18] and the papers of [7, 8, 15, 19].

Motivated by the exertion of the after mentioned papers [7, 17], the existence of mild
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solutions to nonlocal impulsive neutral functional integro-differential equation

t
%(m(t) +g(t,x(t),xt)) = Az(t) +/0 K(t,5)f(s,2(s), s)ds, t € [0,T] (1.1)
xo = ¢+ h(x), (1.2)
Azx(t;) = Li(z(t;), 1=1,2,..,p,0<t; <ty <..<t,<T. (1.3)

where A is the infinitesimal generator of an analytic semigroup {7'(t) : t > 0} of linear operators
defined on a Banach space X, z € C([0,T]; X), and z¢ : [—¢q,0] — X defined by x:(0) =
z(t +0) for 0 € [—q,0]; f,g:[0,T] x X x C([—¢,0; X) - X,K : [0,T] x [0,T] — (0, +00),
h:C(0,T);X) - C([-¢,0; X)and 0 < t; <to < ..<t, <T,I;: X - X,i=1,2,...,p are

appropriate functions 7', ¢ > 0 are constants.

2 Preliminaries

Throughout this paper X will represent a Banach space with norm ||.||. As usual, C([a, b]; X)
denotes the Banach space of all continuous X-valued functions defined on [a,b] with norm
[2llfq,5 = sup [lz(s)[| for € C([a, b); X).

s€la,b

Let A: D(A) C X — X be the infinitesimal generator of an uniformly bounded analytic
semigroup of linear operators {T'(¢) : t > 0} on X such that 0 € p(A) and we always assume that
IT(t)]] < M for every ¢t € [0,T]. Under these conditions it is possible to define the fractional
power (—A)* 0 < a < 1, as a closed linear operator on its domain D((—A)%). Furthermore,
D((—A)*) is dense in X and the expression ||z, = [[(—A)%z|| defines a norm on D((—A)%).
If X, is the spaace D((—A)*) endowed with the norm ||.|| ,, then the following properties hold
[16], pp.74.

Lemma 2.1. Let 0 < a < 8 < 1. Then the following properties hold :
(i) Xp is a Banach space and Xg — X, is continuous.

(ii) The function s — (—A)*T'(s) is continuous in the uniform operator topology on (0,00)
and there ezists a positive constant Cy such that ||(—A)*T(t)|| < S= for every t > 0.

For more details of the semigroup theory we refer the readers to [16].

The Hausdorff’s measure of noncompactness xY is defined by xY (B) = inf {7“ >0,B

can be covered by finite number of balls with radii 7“} for bounded set B in any Banach space
Y.

Lemma 2.2. ([2]): let Y be a real Banach space and B,C C Y be bounded, the following

properties are satisfied:

(1) B is pre-compact if and only if xY (B) = 0;

338



International Journal of Pure and Applied Mathematics Special Issue

(2) XY (B) = xY(B) = xY (convB) where B and convB mean the closure and convex hull of
B respectively;

XY (B) < xY(C) when B C C;

XY (B+C) < xY(B)+ xY(C) where B+ C ={x+y;z € B,y € C};

) xY(
) xY(B

(5) xY(BUC) <max{xY(B),xY(C)}
) XY (AB) = [A|xY(B) for any X € R;
)

If the map Q : D(Q) CY — Z is Lipschitsz continuous with constant k then xZ(QB) <
kxY (B) for any bounded subset B C D(Q), where Z be a Banach space;

(8) xY(B) = inf {dY (B, C);C C Ybe precompact} = inf {dY (B,C);C C Ybe finite valued},
where dY (B, C') means the non symmetric (or symmetric) Hausdorff distance between B

and C inY.

(9) If {W,}.1S is a decreasing sequence of bounded closed nonempty subsets of Y’
and lim xY (W,) =0, then N>SW,, is nonempty and compact in'Y .

n—-+4oo
The map Q : W C Y — Y is said to be a xY — contraction if there exists a positive
constant k < 1 such that xY (Q(C)) < kxY (C) for any bounded closed subset C C W where
Y is a Banach space.

Lemma 2.3. (/2]): ( Darbo-Sadovskii) If W C Y is bounded closed and convez, the continuous
map Q : W — W is a xY — contraction, then the map Q) has at least one fized point in W.

In this paper we denote y by the Hausdorff’s measure of noncompactness of X and denote
Xc by the Hausdorff’s measure of noncompactness of C'([0; T]; X). To discuss the existence we

need the following lemmas in this paper.

Lemma 2.4. ([2]) If W C C([0;T); X) is bounded, then x(W (t)) < x.(W) for all t € [0,T],
where W (t) = {u(t);u € W} C X. Furthermore if W is equicontinuous on [0, T, then x (W (t))
is continuous on [0,T] and x.(W) = sup {x(W(t)),t € [0,T]}.

Lemma 2.5. ([9, 11]): If {un},~ ) C Ll(a b; X) is uniformly integrable, then x({un(t)}req)
18 measurable and x {fun } ) < ffx {un(s)}o,)ds where & =1 if {u,} is equicon-
tinuous and § = 2 if {uy} is not eguzlcontmuous
Lemma 2.6. (/2]): If W C C’([O,T];X) is bounded and equicontinuous, then x(W(s)) is
continuous and X(gt W(s)ds) < fX (s))ds for allt € [0,T],
where ftW(s)ds = {ftx(s)ds 1T € W} .

0

0
The Cy semigroup T(t) is said to be equicontinuous if t — {T(t)x : © € B} is equicontinuous

fort > 0 for all bounded set B in X. It is known that the analytic semigroup is equicontinuous.

The following lemma is obvious.
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Lemma 2.7. : If the semigroup T(t) is said to be equicontinuous n € L(0,T; RT), then the
t

set {fT(t — s)u(s)ds, ||u(s)|| < n(s)fora.e.s € [O,T]} is equcontinuous for t € [0,T].
0

3 Existence theorem

In this section we consider the existence results of the problem (1.1)-(1.3). We define the mild
solution for problem (1.1)-(1.3) by the integral equation

2(t) = (1) [ 6(0) + h(x)(0) + 9(0, 6(0) + h(@)(0), 6 + h(x))| = g(t.2(t), )

t

—/AT(t—s)g(s,x(s),xs)ds—i—/T(t—3)/K(s,r)f(r,x(r),xr)drds
0 0

0
+ Y Tt t)i(a(t), 0<t<T. (3.1)
0<t;i<t
Definition 3.1. A continuous function x : [—q,T| — X is said to be a mild solution to

the nonlocal neutral problem (1.1)-(1.3) if xo = ¢ + h(x), for each t € [0,T] the function
s AT(t — s)g(s,xz(s),zs) is integrable on (0,t], and the integral equation (3.1) is satisfied.

In this section by using the usual techniques of the Hausdorff measure of noncompactnes
and its applications in differential equations in Banach spaces (see,e.g. [2], [12]) we give some
existence results of the nonlocal neutral problem (1.1)-(1.3). Here we list the following

hypotheses.

(Hf)(1): f:]0,T]x X xC([—q,0]; X) — X satisfies the cartheodory-type condition, i.e., f(.,z, ¢) :
[0,T] — X is measurable for all (z,¢) € X x C([—¢,0]; X) and
f(t,.): X x C([—¢,0]; X) — X is continuous for a.e. ¢t € [0,T7;

(2) : There exists an integrable function « : [0,7] — [0,4+00) and a continuous nondecreasing
function € : [0, +00) — [0,400) such that ||f(¢,z,9)[ < a@®)Q([z] + [[#]_ye) for all
(t,z,0) € 0,T] x X x C([—q¢,0]; X);

(3) : There exists an integrable function 7 : [0,7] — [0, +00) such that:
X(T(s)f(t,D1,D2)) < n(t)(x(D1)) + SE£)<OX(D2(9)) for a.e. t,s € [0,7] and any

bounded subset D; C X and Dy C C([—¢,0]; X), where Dy(0) = {v(0) : v € Da}.

(Hf)(3) : There is an integrable function 7 : [0,7] — [0, +00) such that

X(f(t,D1,D2)) < n(t)(x(D1)) + sup x(D2(0)) for a.e. t € [0,7] and any bounded
—g<0<0

subset D1 C X and Dy C C(]—¢q,0]; X), then we can get the obvious result:

(Hg) : There exists 0 < 3 < 1 such that g is Xg-valued, (—A)?g(.) is continuous and there exist
positive constants ci,cp and Ly such that H(—A)ﬁg(t,x,@H < allzll + |8l _q0) + 2
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and ||(—4)g(t, 21, 61) — (—A)Pg(t, 22, 6)]] < Ly(llar — ]| + |61 — all_yq) for al
te [O,T],Jl,xl,l'g cX and ¢7 ¢17¢2 € C([_q’OLX)

(Hh)(1): h : C([0,T]; X) — C(]—q,0]; X) is Lipschitz continuous in the following sense: there
exists a positive constants Ly, such that ||h(z) — h(y)[l_; o < Ln 2 — Yl 7 for all
z,y € C([0,T]; X);

(Hh)(2) : h is uniformly bounded, i.e., there is a positive constant N such that [|A(z)[[_ 0 < N

for all z,y € C([0,T]; X);

(Hi)(1) : There exists a constant d; such that ||[;(z)]| < d;,i =1,s,...,p.
d=max{d;},i=1,2,....p

(Hi)(2): I; : X — X is continuous and there exists constant /; such that
[i(x) = Li(y)l| < lille —yll, i =1,2,...p., for all xz,y € X.

(HE)(1) : For each t € [0,T], K(t,.) is measurable on [0, t], and
K(t) =ess sup{|K(t,s)|: 0 < s <t} is bounded on [0, T].

(2) : The map t — K; is continuous from [0,7] to L>(0,T; R"), here K¢(s) = K (¢, s)

(He) : 2e1(||(=A) 77| + G 5Tﬂ) +TKMf s)ds liminfy_, ., Q(ik) <1,

where K = sup K(t).
0<t<T

Now we are in the position to state our main result of this section.

Theorem 3.1. Assume the hypotheses (H f)(1),(2),(3), (Hg), (Hh), (Hi), (Hk) and (Hc)" are
satisfied. Then for every ¢ € C(]—q,0]; X), the problem (1.1)-(1.8) has atleast one mild solution

provided Lo + 8TMKf77 tydt < 1,

Proof. Considee the map I': C([—¢,T]; X) — C([—q,T]; X) defined by I" = I'y + I'y, where

o(t) + h(z)(t), t€[=q,0]
Tya(t) = { T(0)[¢(0) +h(z)(0) + 9(0,¢(0) + h(x)(0), 6 + h(x))| — g(t, 2(t), 2¢)

6(0) +
ftAT t—38)g(s,x(s),zs)ds + >, T(t—t;)i(x(t;)), te][0,T],
0

o<t <t

0, t € [—q,0],

ng(t) = t s
gT(t —8) JK(s,r)f(r,x(r),xr)drds, t € [0,T7.

As in the proof of Theorem 3.1 [7, 17], we can verify (with some obvious modifications)

that I' is a continuous y.-contraction, and that there is a k € N such that I' maps By into
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itself. Thus Darbo-Sadovskii’s fixed point theorem can be used to get a fixed point of I', which
is a mild solution of (1.1)-(1.3).

Here we only need to prove that there is a k € NV such that I'(By) C By and to estimate
Xc[2(W) for every bounded subset W C C([—¢,T]; X).

Suppose for each k € N there is 2* € B, and t* € [—¢, T] such that "ka(tk)“ > k, then if
tk € [~q,0] we have

k< vt )| < 18l g + N (3:2)
and if ¥ € [0, 7] we have

k< [raf @) < M[19)] + N + | (=07 | @er(I6l g + N) +e2) + > di]
0<t; <t

(|[(=4)~" M)@c k+Cy) + TMK ta(s)ds.Q(Qk:).
(a5 ar oy |

Denote by Lj the right hand side of the above inequality, then we have
k< Hl’xk(tk)H < max(||[/_q 0 + NV, L) Divided by k on both sides of (3.2) and then take
C1_pT"
E 0
contradicts the hypatheses (Hc)'. Hence there is a k € N such that I'(By) C Bg.
Now, for every bounded subset W C C([—¢,T]; X) and any € > 0, we can take a sequence
{zn}o2y € W such that x.(W) < 2x.({zn}o—y) + € (see, e.g., [4] pp.125). From (H f)(2) and
(Hk) we know that {K(s,.)f(.,zn(.),Zn.)},— is uniformly integrable on [0, s] for s € (0,T].

By using Lemma 2.2, Lemma 2.4-2.7, (H f)(3)" and (Hk),
T

T
liminf as k — oo we have 201(H(—A)_5H + )+TKM [ a(s)dslim kinf % > 1, which
—00

we have x.(DoW) < 8TMKx.(W) [ n(s)ds.
0

T
Since Ly + 8T MK [n(s)ds < 1 and
0

T
Xe(TW) = xe(T1W) + xc(T2W) < (Lo + 8TMK [ n(s)ds)xc.(W), we obtain that I' is a x.-
0

contraction. Using Lemma 2.2, we get a fixed point x of ', which is a mild solution of (1.1)-(1.3).
The proof is complete.

From the proof Theorem 3.1, we can see that the condition (HK)(1) can be replaced by
(Hk) : (1) Foreacht € (0,T], K(t,.) is measurable on [0, ¢], and K (t) = esssup {| K (t,s)|: 0 < s < t}
is integrable on [0, 77,
T
which is slightly weaker than (HK)(1). Denote by K1 = [ K(t)dt, then we get the following
0

obvious result:

Theorem 3.2. Assume the hypotheses (Hf)(1),(2),(3),(Hg),(Hh),(Hi) and (Hk)(1),(2)
are satisfied. Then for every ¢ € C([—q,0]; X), the problem (1.1)-(1.3) has atleast one mild
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T
solution if Lo+ 8M K1 fn(s)ds <1, and

201(H(—

Ci_ @T)

=B + —|—K1Mf dshmklnf % < 1.

We can also remove the restriction that the map h is uniformly bounded.

Theorem 3.3. Assume the hypotheses (H f)(1),(2), (3)',(Hg), (Hh), (Hi),(Hk) and (Hh)(1)
are satisfied. Then for every ¢ € C([—q,0]; X), the nonlocal neutral problem (1.1)-(1.3) has

atleast one mild solution if Lo + 8TMKf77 t)dt < 1, and

201(“(—

T
BH 4 Cr ﬁT )+ Mlim inf ([ a(s )ds === Q2k) 4 1+ H(—A)fﬁu)w) <1

k—o0 0
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